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ABSTRACT When measurements are nonreplicable, assessing the

measurement system is a difficult task and cannot be done using the con-

ventional gauge repeatability and reproducibility methods. This is due to

the fact that the object measured is affected by the measurement and/or

changes with time. This article describes an alternative method that can

be used to study the repeatability and reproducibility of a measurement

system in case the measured quantity varies over time. The essence of the

method is that each part is measured simultaneously by multiple gauges.

KEYWORDS destructive measurement, gauge R&R, measurement system

analysis, variance components

INTRODUCTION

Assessing the precision of a measurement system is a vital step that

should be carried out before any design or process improvement effort.

The method most commonly used to do this is a gauge repeatability and

reproducibility (R&R) study, which aims to answer two main questions:

. How much of the total observed variability is due to real part-to-part

variation and how much is due to random measurement error?

. What is the breakdown of the measurement variation? How much is due

to repeatability versus reproducibility?

Repeatability is the extent to which measurement values are equal if

measurements are repeated by the same appraiser, and reproducibility is

the extent to which measurement values are equal if measurements are

done by different appraisers.

In a standard gauge R&R study a number of appraisers measure a sample

of parts several times. The results are analyzed using the random effects ana-

lysis of variance (ANOVA). The error variance represents the repeatability

and the variance between appraisers the reproducibility.

There are many relevant situations in which the standard gauge R&R

study described above is not applicable. For instance, if the true value of

the measured characteristic of a particular part is not constant for each mea-

surement, the error variance will not purely be caused by measurement

error but partly by variation in the true value of that characteristic, and
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therefore the measurement error will be overesti-

mated. Or in case each part cannot be measured

more than once by each operator, the error is con-

founded with the part-appraiser interaction effect.

Consequently, the standard gauge R&R study as

described by Automotive Industry Action Group

(2002), assumes that for each part the true value of

the measured quantity is constant over time, is not

affected by the measurement, and can be measured

at least twice by each appraiser under identical

circumstances.

Unfortunately, practical situations often deviate

from these assumptions. Measurements on a part

for which the true value of the measured quantity

changes over time or is affected by the measurement

are called nonreplicable. Some examples of non-

replicable measurements in which the measured

quantity changes over time are

1. The push or pull force needed to connect a plastic

electrical connector.

2. The engine emissions or oil consumption using a

radioactive tracer method.

3. The noise and vibration measurement during a

certain duty cycle.

4. The strain measurement during crack propagation.

5. The brake disc temperature during operation.

Variables such as engine emissions or oil con-

sumption, for example, physically change with

every cycle, making a standard gauge R&R study

fail. Oil consumption is traditionally measured by

quantifying the amount of oil burned during

combustion in terms of volume rate (gallon/h). Tem-

perature, calibration, and surface finish are among

other noise factors that contribute to oil consump-

tion variability, which changes, from one cycle to

another.

In these examples, incorrectly using a standard

gauge R&R study produces overestimations of the

gauge R&R% values, because part of the estimated

measurement spread is not really measurement

variation but variation in the true value of the mea-

sured quantity.

In the remainder of this article, the following

definitions will be used:

. Parts are called stable if the true values of the mea-

sured characteristic do not change over time.

. Random measurement error is called homoge-

neous if its probability distribution does not

depend on the part and the time.

If parts are stable and the random measurements

error is homogeneous, a standard gauge R&R can

be carried out. In the five examples given in the

introduction, however, the parts are not stable.

With the presence of run-to-run variation over

time, an alternative method is needed that does not

require the measured quantity to be constant over

time. De Mast and Trip (2005) describe methods to

deal with this issue, such as using alternative parts,

using an alternative measurement system, or model-

ing the variation in the parts. Other examples of

gauge R&R studies for nonreplicable measurements

are Phillips et al. (1997), and Bergeret et al. (2001).

This article proposes a method as an addition to

the approaches listed in De Mast and Trip (2005),

which can be used to handle the problem of instable

parts under the assumption that the measurement

errors are homogeneous and that it is possible to

obtain simultaneous measurements by multiple

gauges. In the next section we first define the stan-

dard gauge R&R study in more detail. Then in the

subsequent section we introduce a method for

instable parts. The method will be illustrated by an

example involving measurements of brake disc

temperature.

STANDARD GAUGE R&R STUDY

In a standard gauge R&R study I different parts are

measured K times by each of J different appraisers

(Burdick et al., 2005). The tth measurement of part i

by appraiser j has value yijt. The measurement values

are then modeled by the following random effects

model:

yijt ¼ lþ ai þ bj þ ðabÞij þ eijt ½1�

The constant l is the overall mean of the measure-

ments, ai is the part effect, bj is the appraiser effect,

and (ab)ij is the part-appraiser interaction. The

effects ai, bj, (ab)ij, and eijt are independent random

variables that follow a normal distribution with mean

0 and variances r2a, r
2
b, r

2
ab, and r2, respectively. The

model is analyzed using the random effects analysis

of variance (ANOVA) method, and the variances of
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the effects are estimated by taking appropriate linear

combinations of the mean squares (Montgomery,

2005). Repeatability is represented by the standard

deviation of the error term (r), reproducibility by

the standard deviation of the appraiser effect plus

the part-appraiser interaction (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ r2ab

q
), and

part-to-part variation by the standard deviation of
the part effect (ra). The gauge R&R% value is
calculated as:

Gauge R&R% ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ r2ab þ r2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2a þ r2b þ r2ab þ r2

q ½2�

GAUGE R&R STUDY FOR INSTABLE

PARTS

Now we are ready to introduce the gauge R&R

study for instable parts. The premises for the

proposed method are

. The parts are instable.

. The random measurement error is homogeneous.

. It is possible to measure with two or more gauges

simultaneously.

. There is no measurement variability which is

caused by appraisers; that is, the measurement

error is equal regardless of which appraiser

operates the gauge.

The idea is to take a random sample of I parts that

represent the population of parts and then measure

each part simultaneously by J gauges at T different

times. The measurement of part i by gauge j at time t

is written as yijt, i¼ 1, . . ., I, j¼ 1, . . . , J, and t¼ 1, . . . ,

T. For the analysis the three-factor mixed model [3]

is used, with part as a random factor and gauge

and time as fixed factors. The gauges are treated

as a fixed factor here but may also be treated as a

random factor if one is interested in the effect of a

large population of gauges of which the J gauges

are only a small sample. Time is a fixed factor,

because the moments in time that are used are not

a random sample but a fixed sequence.

yijt ¼ lþ ai þ bj þ ct þ ðabÞij þ ðacÞit þ ðbcÞjt þ eijt

½3�

Here bj, ct, and (bc)jt are fixed parameters that sum to

zero over both j and t, representing gauge and time

effects and their interaction. The parts effect ai and
its interactions with the other factors (ab)ij, (ac)it
are independent random variables that are each

normally and independently distributed with mean

equal to 0 and variances r2a, r
2
ab, r

2
ac, respectively.

The error term has mean 0 and variance r2. The main

gauge effect and gauge-time interaction are indica-

tors of systematic differences between the gauges,

and the variance of the error term and the part-gauge

interaction indicate random measurement error.

Repeatability is represented by r and gauge reprodu-

cibility by rab.
The model is analyzed as a mixed model ANOVA.

Montgomery (2005) provides rules for deriving

expected mean squares in terms of the variance

components and fixed effects parameters of mixed

models. The expected mean squares for each term

in model [3] are given in Table 1.

The variance components are estimated by

equating the observed mean squares to their

expected values and solving for each variance

component.

BRAKE DISC TEMPERATURE
EXAMPLE

We will illustrate the procedure with an example.

The temperature of five different brake discs was

measured over time by two different infrared tem-

perature gauges, which collected temperature

readings simultaneously. The study was part of a

project aimed at resolving brake disc overheating at

TABLE 1 Expected Mean Squares for the Mixed Model

Term Expected mean square

ai r2 þ Tr2ab þ Jr2ac þ JTr2a

bj r2 þ Tr2ab þ
�
IT

PJ
j¼1

b2j

�
=ðJ � 1Þ

ct r2 þ Jr2ac þ
�
IJ
PT
t¼1

c2t

�
=ðT � 1Þ

(ab)ij r2 þ Tr2ab

(ac)it r2 þ Jr2ac

(bc)jt r2 þ
�
I
PJ
j¼1

PT
t¼1

ðbcÞ2jt
�
=ððJ � 1ÞðT � 1ÞÞ

eijt r2

M. Awad et al. 302
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high speed on construction equipment. The

measurements were conducted as follows:

1. The machine was started after at least one hour

cool-down period.

2. The wheels of the machine were run freely at

maximum speed for 8 minutes.

3. During the operation, two infrared gunswere aimed

at two different but adjacent points on the disc.

4. The temperature was measured by both gauges

simultaneously every minute.

The 8-minute period was selected so no permanent

damage to the disc would occur.

Table 2 shows the resulting temperature data.

Figure 1 is a graphical representation of the

measurements.

The mean temperatures are significantly different

for different times and parts, so the parts are instable.

Variances were also compared and no statistically

significant differences were found, supporting the

assumption that the measurement error is homoge-

neous. Variability caused by appraisers is not an

issue in this example, because operators have a

negligible influence on the measurement outcomes.

Considering all this, model [3] seems a suitable

model to assess repeatability and gauge reproduci-

bility of this measurement system.

TABLE 2 Brake Disc Example Data

Gauge

Time 1 2

Part 1 1 35 31

2 43 40

3 51 48

4 69 56

5 91 83

6 103 91

7 117 103

8 138 119

Part 2 1 57 51

2 79 67

3 125 98

4 156 142

5 202 187

6 236 214

7 237 214

8 275 251

Part 3 1 85 84

2 90 93

3 95 99

4 101 109

5 123 131

6 137 142

7 156 165

8 179 183

Part 4 1 101 102

2 118 112

3 103 107

4 128 126

5 149 151

6 169 177

7 194 200

8 200 203

Part 5 1 103 101

2 117 112

3 105 107

4 131 129

5 153 149

6 172 175

7 195 199

8 200 202

FIGURE 1 Brake disc temperature measurements.

TABLE 3

Source DF SS MS F P

Part 4 72,037.6 18,052.9 16.34 0.000

Gauge 1 340.3 340.3 0.96 0.382

Time 7 140,478.1 20,104.0 26.25 0.000

Part�Gauge 4 1,415.0 353.7 23.42 0.000

Part� Time 28 21,446.9 766.0 50.70 0.000

Gauge� Time 7 29.2 4.2 0.28 0.958

Error 28 423.0 15.1

Total 79 236,590.0

303 A Measurement System Analysis Approach
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The model is analyzed by three-factor mixed

model ANOVA, and the results are shown in Table 3.

The F-test has different interpretations for fixed

effects and random effects. For fixed effects it tests

whether the fixed effect is different from zero,

whereas for random effects it tests whether the ran-

dom effect has positive variance. Recall that the gauge

and time effects are fixed and the part effect is random.

Based on its P-value, the gauge-time interaction is

not significantly different from zero. This is a pleasing

result, because a gauge-time interactionwould indicate

a systematic measurement error depending on time.

The gauge-time interaction will be assumed to equal

zero and left out of the model, resulting in model [4].

yijt ¼ lþ ai þ bj þ ct þ ðabÞij þ ðacÞit þ eijt ½4�

Table 4 shows the ANOVA results for model [4].

There is no evidence of a systematic difference

between the gauges, because the main gauge effect

is not significantly different from zero, but the

random part-gauge interaction has a significant

positive variance. This implies that for any given

brake disc, on average one gauge will measure it dif-

ferently from the other gauge. However, for some

parts gauge 1 measures the higher temperature and

for some parts gauge 2 measures the higher

temperature, averaging out over all parts. This might

be explained by the way the gauges are placed on

the brake disc. Possibly, the factor causing the differ-

ences in measurements of the two gauges is not

really the gauge itself but rather the placement of

the gauge on the brake disc.

The conclusions above can be graphically illu-

strated. In the scatterplot of the measurements of

gauge 1 versus gauge 2 in Figure 2 the plotted points

seem to fall around the 45� line on average, supp-

orting the hypothesis that there is no systematic

difference between the gauges. Some parts, how-

ever, are measured differently by the two gauges.

The temperature of part 2, for example, is measured

higher by gauge 1 than by gauge 2. This illustrates

the conclusion that there is no main effect but a

significant part-gauge interaction.

Figure 3 shows box plots of the paired differences

between the simultaneous measurements of the

gauges for each part. Because the temperature

readings were taken simultaneously, the depicted

differences in readings are due to the gauges only.

When measuring parts 1 and 2, the measurements by

TABLE 4 ANOVA for Model [4]

Source DF SS MS F P

Part 4 72,207.6 18,051.9 16.31 0.000

Gauge 1 340.3 340.3 0.96 0.382

Time 7 140,728.1 20,104.0 26.25 0.000

Part�Gauge 4 1,415.0 353.7 27.38 0.000

Part� Time 28 21,446.9 766.0 59.29 0.000

Error 35 452.2 12.9

Total 79 236,590.0

FIGURE 2 Scatterplots by part.

FIGURE 3 Box plot of gauge 1–gauge 2.

TABLE 5 Variance Contributions for the Disc Brake Example

Source Variance % Contribution

Part 1,059.07 71.03

Gauge

Time

Part�Gauge 42.60 2.86

Part� Time 376.52 25.25

Error 12.92 0.87

Total 1,491.11 100.00

M. Awad et al. 304
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gauge 1 were higher on average than those by gauge

2, whereas whenmeasuring parts 3, 4, and 5, it was the

other way round, once again backing the findings of

no main effect but significant part-gauge interaction.

Table 5 shows the variance estimates of all terms

along with the percentage contribution of variances

relative to the total variance. Note that the main

effects of gauge and time have no variance because

they are fixed effects. Table 6 summarizes the

standard deviations representing gauge repeatability

r and gauge reproducibility rab.
The measurement spread due to repeatability and

reproducibility (part-gauge interaction) is 19.30% of

the total observed variation, which is quite a substan-

tial part. Of course this gauge R&R% only has practi-

cal meaning if the parts are a representative sample

of all products that are normally used during produc-

tion. Furthermore, the sample size of five parts used

in this case study is rather small. It would be safer to

compare the measurement spread to an estimate of

the total variation based on historical data.

CONCLUSION

In practice sometimes the assumption that the mea-

sured characteristic of a part is constant over time does

not hold. The standard gauge R&R methods cannot

handle such systems. In this article a measurement

systems analysis approach for such hard-to-repeat

measurements is introduced. A new experimental

setup to assess gauge repeatability and reproducibil-

ity is proposed along with analysis tools.
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